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KAbstract

that they are identical.

-

Reproducibility is central in science and statistics are one of the tool used to ensure that conclusions are supported by data.
However, high false positive rate is a common problem denounced regularly when hypotheses testing using null and alternative
hypotheses are used. The origin of this high false positive rate is deeply anchored in the method because the reported p-value is
not what generally the researcher was thought to test: the p-value is the probability to observe the statistics summarizing the data
if the null hypothesis H is true, but the researcher would generally like to know what the probability is that /, is true given the
observed data. We propose an alternative to z-test and y2-test, two of the most common tests, that used model comparison using
Schwarz’s Bayesian information criterion weights. Thus, we were able to answer the question that generally the researcher wants
an answer: what is the probability that these k-series are obtained from a single set of parameters and then what is the probability
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Introduction

Despite the numerous papers published over the last few
years warning against the high rate of false positive results due
to p-value statistics use [1-3], p-value-based tests are still widely
used, and it is rare to see a quantitative study without them. Among
the problems noted, one is particularly serious: the p-value does
not generally respond to the question that the researcher asks:
the p-value is technically the probability to observe the statistics
summarizing the data if the null hypothesis /, is true, but the
researcher would generally like to know what the probability is
that H is true given the observed data. These two probabilities are
linked by Bayes’ theorem and there is a clear relationship between
both [4] but the first one can be much lower than the second one
[5]. Further, the lack of reproducibility in scientific studies can be
largely attributed to the conduct of significance tests at unjustifiable
levels of significance [1] (classically type I error rate a=0.05).

To understand why this situation occurs, we must recall
that statistics are not only a science, but also a toolbox that many
researchers use without a profound knowledge in this scientific
field. This situation has been reinforced by the emergence of

user-friendly software or cooking-like recipes in various web
sites (e.g. https://stats.stackexchange.com). Users of statistical
tools are sometimes not aware that the p-value is a poor measure
of evidence and, even if they are, they may continue to use the
p-value out of habit or because alternative solutions require in-
depth mathematical and statistical knowledge [6] with no ready-
to-use out-of-the-box method being available. It is, however,
the responsibility of authors, referees, and editors to ensure that
statistics do not induce false levels of evidence.

We have developed one general methodology to be used and
applied it to two common tests: the x? and the z-tests. Our aim is
to keep this method as simple as possible so as to be an alternative
to the null hypothesis significance tests. The methodology is
based on model selection using Schwarz’s Bayesian Information
Criterion (BIC) [7]. Given a set of models and postulating that the
prior probabilities of these models are identical, the model with the
highest posterior probability is the one that minimizes the BIC [8].

This statistic allows us to rank models based on the quality of
fit at the same time as they penalize for the number of parameters
used for fitting. For the alternatives to the y?and ¢-tests presented
here, the first model is fitted globally for all series, while the
second uses series-specific parameters. The support for each model
(“all series are obtained from the same distribution”, hereafter
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named “similar models”, or “series are obtained from different
distributions”, hereafter named “different models”) comes from the
Schwarz weights [9]. For each of the models considered, Schwarz
weights are the posterior probability of the model, given the data,
the model set, and equal prior model probabilities.

Materials and methods
Series as collection of observations

Let us take k series each with /, values with i from / to k.
When a #-test is used to detect a significant difference among the
series, the result cannot be used as a measure of evidence due to
previously described pitfalls. Here we calculate the maximum
likelihood of the hypothesis that each series was obtained from a
specific distribution, for example a normal distribution as for t-test
[10], with a series-specific mean and possibly a series-specific
standard deviation; it is named L,. Alternatively, the maximum
likelihood of the hypothesis that all series come from the same
distribution can be calculated; it is named L.

Series as contingency tables

A table of contingency is a type of table in a matrix format
that displays the (multivariate) frequency distribution of the
variables. Two kinds of tests of performed in routine on such a
table, namely homogeneity or conformity tests. The test for
homogeneity is evaluating the equality of several populations of
categorical data whereas the test for conformity is evaluating the
equality of several populations of categorical data as compared to a
known distribution. The y? test used classically for such a purpose
is the approximation of a likelihood ratio test. However, again the
result cannot be used as a measure of evidence due to previously
described pitfalls of the p-value measure of evidence.

As an alternative we estimate the likelihood for each & series
of ¢ categories fitted separately or altogether. The likelihood L, of
a series k of N, total observations (separated in ¢ categories, 7, , to
n, ) is based on a multinomial distribution
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The p values are based on external information for conformity
test (p, to p_,) or based on structure of the data for homogeneity

test with i, = Ej-‘;j_ﬂj'.[ .'Jrzj"i:l‘n"r_i'

Comparison of hypotheses

The Schwarz’s Bayesian information criterion for a series of
[ observations fitted using a model with d parameters (¢=2 for mean
and standard deviation for Gaussian distribution for example) with
likelihood L, is BIC = -2 In(L) + d In(l)) [7]. When all the series
are fitted using a same set of d parameters, the Schwarz’s Bayesian
information criterion is:

BIC_ . =-2In(L)+d.In(Y1)

similar
When the £ series are fitted using series-specific sets of parameters
the BIC is:

BIC,, .. =-2YIn(L)+dkin(}l)
Model weights

BIC, .. and BIC . are compared using Schwarz weights.
The Schwarz weight reported here as the w-value (for weight-
value) is the posterior probability that the single common model

is the best [11].

These model comparisons were implemented as R functions
series.compare() and contingencyTable.compare() using Akaike
Information Criterion (AIC), AICc [11], or BIC in HelpersMG
R package available in CRAN (https://cran.r-project.org/web/
packages/HelpersMG/index.html). We recommend the use of
BIC that supposes that the true model is among the tested models.
Obviously, the true model is tested in the procedure that we
describe here, the two alternatives being A=B or A#B. To make
the usage even easier, a web page http://134.158.74.46/compare/
has been published to perform the estimates. The same logic can
be applied to other tests such as a regression analysis.

Results

The discrepancy between the p-value and the probability
that the series need series-specific modelling can be demonstrated
using two simple simulations. Let us use a series of random
numbers obtained from normal distributions: series A comprising
100 numbers with a mean of 10 and a standard deviation of 2, and
series B also comprising 100 numbers with a standard deviation of
4 and a specific mean varying from 8 to 13 by step of 0.1. Then the
hypothesis that series A and B are similar is tested using a p-value
based on a f-test or a w-value using BIC. We clearly see that, for
usual levels of evidence, the p-value too often rejects the two
series as being similar (Figure. 1). A w-value of 0.05 is obtained
for a p-value of around 0.002, while a p-value of 0.05 corresponds
to a w-value of 0.69 (Figure. 1).
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Figure 1: Level of evidence for two series A and B being similar using
p-value or w-value (series A, n=100, mean=10, SD=2; series B, n=100,
mean from 8 to 13, step 0.1, SD=4).

The same comparison can be made with a contingency table
using a multinomial distribution for likelihood. A total of 100
observations belonging to group A shows 25 being of type P and
75 being of type Q, while group B also comprises 100 observations
with P numbers ranging from 0 to 100. These observations are then
compared using a y>test (p-value) or w-value with BIC. Again,
the p-value calculated after a classical y?test too often rejects the
hypothesis that groups A and B are similar (Figure. 2). A w-value
less than 0.05 is obtained for a p-value between 0.01 and 0.03,
while a p-value of 0.05 corresponds to a w-value of 0.16 (Figure.
2). However, a p-value < 0.01 should not be used as a rule of
thumb to perform a test, because this significance level needs to be
estimated for each dataset.
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Figure 2: Level of evidence for two groups A and B being similar using
p-value and w-value (series A, P=25 and Q=75; series B, P=0 to 100 and
Q=100-P).

Discussion

When performing a test as described here, researchers want to
investigate whether several series are identical or not. The p-value
does not answer this question, but rather gives the probability that
these data could have been obtained under the null hypothesis. It

can be considered just as an index of evidence [12]. Contrary to
the p-value, the w-value has a simple interpretation as a measure
of evidence: it gives the posterior probability that the different
series could have been generated from a single distribution [13].
The w-value is clearly closer to the researcher’s expectation when
performing a test. In any case, we recommend against the use of
a cut-off value for the w-value (such as w < 0.05) because the test
does not aim to reject a hypothesis but allows ranking different
hypotheses according to their probabilities. Furthermore, the use
of w-values does not prevent the need for better practices in test
design [14]. We hope that these ready-to-use out-of-the-box tools
will make statistics users more concerned about the nature of
statistical evidence used for hypothesis testing.
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