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Communication

Using the bilinear Markov chain approach, we study
statistical properties of natural random symbolic sequences with
complex correlation properties. In the limit of weak correlations,
we present analytically the entropy of sequence by means of
correlation functions of the second and the third orders. We evaluate
numerically the entropy of some DNA nucleotide sequences.
Numerical simulations show that the third-order correlations can
significantly lower the entropy calculated in the framework of the
additive Markov chain approach.

PACS numbers: 05.40.-a, 87.10+e, 07.05. Mh

One of the ways to get a correct insight into the nature of
correlations in random sequences with nontrivialinformation
content consists in an ability to construct a correlated sequence of
symbols possessing the same statistical characteristics as the initial
system under study. There exist many algorithms for generating
long-range correlated sequences - the high-order Markov chains are
ones among the most important. Such random chains, the method
of their generation and all their statistical properties are completely
determined by the Conditional Probability Distribution Function
(CPDF) (known also as the transition probability function).

The main purpose of our work is to elaborate a reliable tool
for constructing the CPDF for random sequences considering them
as the high-order Markov chains with finite alphabet, supposing
that the reference quasi-random chain of finite length is given. The
quality of different methods of CPDF’s reconstruction is verified by
studying the levels of entropy of numerically constructed random
chains with different CPDFs. The idea of such verification consists
in the close connection between the entropy and the completeness
of the statistical information the better CPDF is reconstructed, the
lower entropy of the random sequence will be reached.

There are two methods of the CPDF construction. The first
one is based on calculation the frequencies of word occurring
[1,2], the second one takes into account the frequencies of the
letters complexes appearance [3,4]. In the framework of the
second method, we study complexes of two and three symbols,
transforming the frequencies of their occurrence into correlation
functions. After that we present analytically the entropy of
sequence by means of correlation functions of the second and the
third orders.

The N* order CPDF can be found by using the well-known
standard likelihood method via the N-symbols joint distribution

functions. The average number of some word aE =a,.., a,
occurring in whole sequence expo-nentially decreases with word
length N. For given length M of weakly correlated sequence
with fixed dimension m of the alphabet, the length N of word,

statistics for which can be calculated with suffcient accuracy can

be evaluated as N a In M/In m. A method that allows us to use
the information on the symbols spaced by a distance r > Nmax,

not only in narrower region with r < Nmax, is connected with
the high-order additive and bilinear Markov chains constructions
proposed in Ref [5].

We consider a semi-in finite random stationary ergodic
sequence S of symbols a, S= a,; a,; a, taken from the finite
alphabet A= { a',a’,...,a"},a e Aie=N, = {0,1,2..},

We use the notation a, to indicate a position 7 of the symbol
i in the chain and the unified notation o to stress the value of the
symbol a € A. We suppose that the symbolic sequence S is the
high-order Markov chain [6-8]. The conditional entropy, or the
entropy per symbol, is given by
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hy, = Hp+1 — Hp = hlagsq|al), (1)

where HL is the Shannon block entropies of block length L.
This quantity specifies the degree of uncertainty of (L + 1) symbol
occurring and measures the average information per symbol if the
correlations of (L + 1)" symbol with preceding L symbols are
taken into account.
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The conditional entropy %, can be presented in terms of
the conditional probability function The conditional entropy of
a stationary ergodic weakly correlated random sequence can be
approximately ex-pressed [3] in terms of symbolic two-point
correlation functions. The result of its analytical evaluation in the

additive approximation is
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The correction due to the third-order correlation ob-tained by
the same method with using the bilinear CPDF is of the form [4],
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Let us illustrate applicability of the developed theory. In
Figure 1 the conditional entropies per symbol versus the length L
for the DNA sequence of Drosophila melanogaster, NC 004354.1
taken from the NCBI base [9] are demonstrated. The sequence of
nucleotides are trans-formed into a binary file, a sequence of bits,
by coding each nucleotide with two bits: A =00; C =01; G=

10; T=11 and then converted every eight bits into one
byte. The upper dashed line corresponds to the entropy estimation
based on the approximate analytical formula, Equation (3), with
numerically estimated symbolic correlation functions.
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Figure 1: The conditional entropies h per symbol vs length L for R3
chromosome DNA from the Drosophila melanogaster nucleotide

sequence translated into a binary file of length M =& 2:7x107. The low
dotted line presents the entropy calculated in the framework of the method
of likelihood estimation. The upper dashed line is the entropy calculated in
the weak pair correlations approximation, Equation (3). The pair and third
order correlation functions, solid line, are taken into account in regions r
<104 and r1 <r2 <10, respectively.

The next result, solid line, is obtained by taking into account
all terms in Equations (3,4) with numerically calculated correlation
functions of the given sequence. The low dotted line in Figure
1 presenting the entropy is calculated in the framework of the
method of likelihood estimation. Here, the conditional probability
distribution function of N* order is

P{_a,-'Lr t"t‘k}

P(a; Ny (5)

Plans1 = afla]) =

where p (al; a*) and p (a}) are the probabilities of the (N

N

+1) -subsequence (ak; a) and N-subsequence al occurring,

respectively.
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The distinction of the upper dashed line, where the pair
correlations are only taken into account, and the solid line indicates
that the bilinear component improves suffciently the accounting
of the statistics. A satisfactory coincidence of the bottom dotted
curve (entropy estimation via standard likelihood method) and the
solid line in the interval 9 < L < 10 says that the proposed bilinear
model correctly takes into account short-range statistics, unlike the
additive component itself. Under calculations we took into account
the terms Ca/),y (r, r)atr, <r, <I0. For r > 10 the third-order
correlations give a negligibly small contribution.

We see that applicability of likelihood method is lost long
before (at L~10, the lower curve) than all pair and third order
correlations are taken into account (at L ~ 7 x 10%). So, we have
elaborated the accurate estimation for the CPDF ofrandom symbolic
sequences with complex correlation properties. The failure of the
standard method, even for moderate distances L is demonstrated. We
have shown that for DNA nucleotide sequences a much lower level
of entropy can be obtained by the presented here method even in
the case of using the pair correlations only. Numerical simulations
show that the third-order correlations can significantly lower
the entropy calculated in the framework of the additive Markov
chain approach. The result allows us to hope that the method
proposed in this work can be used for creation of data compressors
with properties superior to the currently known archivers.
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